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Abstract-Algebraic conditions which permit one to interpolate twice continuously differentiable 
piecewise cubic splines over two triangular elements with a common edge are found. Two methods 
of extending such cubic spline interpolates to arbitrary triangulations are introduced. Such 
extensions cannot as we see take place in an arbitrary manner and depend on the particular 
triangulation under consideration. An advantage to such cubic splines is that one can minimize 
strain energy in certain controlled directions. 
INTRODUCTION 
In one dimension because they are smooth and minimize strain energy cubic splines are very 
useful. Bicubic splines (see [3]), the immediate generalisation to 2 dimensions, apply only to 
rectangular grids. There are many continuously differentiable interpolates over triangular 
elements. We mention those due to Lawson[2] and Wahba[4]. Here we consider the 
difficulties encountered in defining twice continuously differentiable piecewise cubic spline 
interpolates over triangular elements (Section 1). Consider the triangles T,, T2 in the figure 
below: 
In Section 2 we determine algebraic conditions that any cubic spline over T, and T2 
must satisfy. We show (Section 2) that one can fix the cubic spline on the lines (0, l)(l, 0) 
and (- 1, O)(a, b) provided some algebraic condition on the point (a, b) is not satisfied. 
Such algebraic conditions are readily derived using recently developed algebraic manipu- 
lation packages (ALTRAN, REDUCE, MACSYMA). In particular certain determinants 
whose entries are polynomials will be calculated using ALTRAN. See [l]. Similarly if the 
cubic spline is specified along the line (- 1, 0)( 1,O) and if values and first partials are 
specified at (0, 1) and (a, b) algebraic conditions are found in Section 4. Surprisingly 
difficulties are encountered with the most nicely fitting triangles. In Sections 5 and 6 cubic 
splines extending those above are then defined for a proper triangulation of a closed region 
in the plane. There is a strong interplay between local and global conditions. It is seen that 
certain means of filling in these triangulations must be avoided and that the cubic spline 
on certain triangles is either determined by cubic splines on adjoining triangles or can be 
found only after further subdivision (Section 7). Aside from these cases the addition of a 
triangle will in general introduce one degree of freedom. The use of piecewise cubits and 
triangulations guarantees that if a suitable triangulation and cubic spline is chosen then 
strain energy can be minimized along certain contours. 
235 
236 P. CHERENACK 
Clearly a more systematic treatment of cubic splines along one of the lines outlined 
in this paper (attempting to approximate the well understood l-dimensional situation) is 
desired. For this it may be necessary to consider rational functions whose numerator and 
denominator are cubits as in [5]. 
1. CUBIC SPLINES ON TRIANGULAR GRIDS 
N = {P,, . . . , P,} will denote a collection of points in [w* called nodes and 
T = (T,, . . . , T,) a collection of (closed) triangles in the plane such that: (I) the set of all 
vertices of triangles in T is N; (2) if T,, T;E T, than Ti fl T, is a point of N, a complete side 
of both T, and T, or the empty set. The pair (T, N) then constitute a proper triangular 
grid for 
Note that since the Ti contain their boundary so does R. We consider only proper 
triangulations. 
Our functions will be piecewise cubic (not 
each T, the function P(x, y) has the form 
P,(x, y) = .,i + a;x + a,iy + uqix* + a,‘xy 
and thus 10 degrees of freedom. 
C’(Q) denotes the collection of functions_ 
bicubic) polynomials P(x, y) on 0. Thus on 
+ u&J* + u,‘x3 + u,ix*y + ugixy2 + a’,& 
f defined on Q which extend to some open 
set containing Q where 
ay a'f a'f ay 
22 axdy’ ayax’ ay2 
exist and are continuous. 
DEFINITION 
P(x, y) is a cubic spline on Q if P(x, y) E C2(Q). 
2. CONDITIONS FOR CUBIC SPLINES 
We consider the case n = 2 first. Since invertible linear transformations (including 
translations) carry any three non-collinear points of the plane to any three non-collinear 
points we will assume that T, has vertices (- 1, 0), (1,0) and (0, 1); and that T, has vertices 
(- 1, 0), (1,O) and (a, 6) with b < 0 (see Fig. 1). 
Thus we also exclude from consideration the case T, ll T2 = 0 which is trivial and 
T, fl T, a singleton which can be handled in relatively elementary ways. 
Fig. I 
Conditions for cubic spline interpolation on triangular elements 
For P(s, JV) to be in C’(0) 
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It follows then that 
dP,(x-, Y,) = aP,(x, Y) 
dX ax 
on y=O. (2.1) 
a’pdx, Y> = a’P,(x, Y) 
axi ad 
on y=O 
for i = 2,3. Conditions (2.1) and (2.2) then imply 
a2 ‘=a2 2 
a’=a2 
4 4 
a,’ = a,?. 
We must also have 
am, Y) = ap,(x, Y) 
al ay 
which implies 
a lap, (x, y ) = aiaP2(X, Y I 
abay aixay 
for i = I,2 and then 
a3 ‘=a2 3 
as1 = as2 
a,’ = a,‘. 
Furthermore 
which implies 
and then 
a2p,(x, Y)= a2p2k Y) 
w w 
ad’ = ae2 
ag’ = a, 
2 . 
P(s. y) may not be continuous even though it 
and (2.14). One must add: 
Then we have: 
aI ‘=a2 I . 
PROPOSITION 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
on y=O (2.6) 
on y=O (2.7). 
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cw 
(2.10) 
on y=O (2.11) 
on y=O (2.12) 
(2.13) 
(2.14) 
satisfies (2.3)-(2.5), (2.8~(2. lo), (2.13) 
(2.15) 
If P(r. y ) satisfies (2.3~(2.5). (2.8~(2. IO), (2.13), (2.14) and (2.15) then P(x, y) E C2(Q). 
The proof of this proposition is straightforward and we leave it to the reader. 
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Thus the requirement P(x, y) E C’(Q) imposes 9 conditions on the coefficients of P, and 
Pz which force all but the third partial a3P/ay3 to exist and be continuous. 
Suppose that we are interpolating a function S such that ~"(0, 0) = k. Then one must 
add a condition (2.16) u,’ = k. 
The 20 degrees of freedom present in P, and Pz are then restricted to 10 degrees of 
freedom by the condition P(x, y)~ C’(Q) and P(0, 0) = k =f(O, 0). 
3. INTERPOLATIVE CONDITIONS ON CUBIC SPLINES 
AT THE SIDES 
Suppose that P(x, y) reduces to the cubic polynomial 
b. + b,x + bzx2 + b,x3 
on the side x + y = 1. Equating 
P(x, 1 - x) = b, + b’x + b2x2 + b,x’ 
on obtains 
a3’ + u6’ + a;,, = b,, - u,’ (3.1) 
a,’ - $1 + us’ -2a6’+a9’-3a;,=b, (3.2) 
ad1 - us’ + a(j’ + aa’ -2a9’+3a;,=b, (3.3) 
a?’ - u8’ + q’ - a;,, = bJ. (3.4) 
The line through (- I, 0) and (a, 6) has equation y = Cx + C where C = b/(a + 1). 
Suppose that P(x, y) reduces to the cubic polynomial 
c, + c,x + C,x’ i- c-,x3 
on y = Cx + C. Equating 
P(x, cx + C) = c, + C’X + c*x2 + c3x3 
one obtains 
Ca32 + C2ae2 + C3afo = Co - a 2 1 
a,’ + Ca,2 + Cas2 + 2C2ae2 + C2&2 + 3C3& = C, 
ad2 + Ca52 + C2ae2 + Cae2 + 2C2%* + 3C3afo = C, 
aT2 + Cas2 + COGS + C3af, = C3. 
(35) 
(3.6) 
(3.7) 
(3.8) 
In addition to requiring that P(x, y) E C2(i2) we ask that P(0, 0) = k in which case as 
we saw in Section 2 u,’ = al2 = k. Finally we specify one mixed partial at (0, 1) and (a, b). 
Thus for constants b.,, C., we require 
a2p(O> 1) = b 
hay 4 
which implies 
us’ + 2%’ = b4 (3.9) 
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and 
dZP(G b) C 
axay = 4 
which implies 
as2 + 2aa,’ + 2baQ2 = C,. (3.10) 
Hence there are 18 unknowns to be solved for and 18 equations including 
1 7 
a,+’ = ai+ I (3.li) 
for i = 1,2, . . ,8. We will now show that in general th’ere is a unique solution. Thus if 
a solution fails to exist a small change in vertices will yield a unique solution. 
Clearly if a,‘, . . . , alo are known because of (3.1 l)-(3.18) and (3.8) a’2, . . . , a:,, will be 
known. Because of (3.4) and (3.9) as’ and a& can be determined in terms of ag’ and alo 
and equations (3.1 t(3.3) become 
a3’ + a6’ + a,’ - a%’ + ag’ = d, 
al’ - a3’ - 2a,’ - 3a,’ + 3a8’ - 4ag’ = d, 
a4’ + a6’ + 3a,’ - 2a8’ + 3a9’ = d3 
(3.19) 
(3.20) 
(3.21) 
for known quantities d,, d2, d3. Adding (3.19) to (3.20) we obtain 
a2 
1 
- a6 ’ - 2a,’ + 2as1 - 3ag’ = d4 (3.22) 
with d4 known. 
A similar treatment given to (3.5)-(3.8) and (3.9) as just given to (3.1)-(3.4) and (3.9) 
yields using (3.11)-(3.18) 
Ca,’ + C’a,’ - a,’ - Ca,’ - C2q’ = d5 
Ca,’ + az’ + 2C2a,’ - 3a,’ - 3Ca8’ - 2(C2 + C)a,’ = d6 
a,’ + C2a6’ - 2Ca,’ - (C2 + 2C)ag1 = d, 
(3.23) 
(3.24) 
(3.25) 
and subtracting (3.23) from (3.24) 
a,’ + C’a,’ - 2a,’ - 2Ca,’ - (C2 + 2C)a9’ = d8 (3.26) 
for d5, d,, d, and $ known. 
Subtracting C times (3.19) from (3.23), (3.22) from (3.26) and (3.21) from (3.25) we 
obtain 
(c* - C)a6’ - (1 + C)A7’ - (C - l)a8’ - (C2 + l)a,’ = 4 
(C’ + I)&’ - 2(C - l)agl - (C2 + 2C - 3)ag’ = d,, 
(C’ - l)a,’ - 3a,’ - 2(C - l)a,’ - (C2 + 2C - 3)a,’ = d,‘. 
(3.27) 
(3.28) 
(3.29) 
Suppose a = 0. Then b = C and a9’ can be found using (3.9) and (3.10) since b 8 1. 
Hence to solve for a,‘, a,’ and a8’ we need only show that the determinant 
b?-b l+b b-l 
D(b)= b2+l 0 2(6-l) 
b2- 1 3 2(b - 1) 
is not zero for b < 0. It is readily verified that the only zero of D(b) is b = 1. 
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DEFINITION 
If T, and T, have the property that a line joining external vertices is perpendicular to 
the line through the common base, we say that T, and Tz are transversally joined. 
If T, and T, are transversally joined, after a suitable linear transformation we can 
assume that T, and T, are as above with a = 0. Hence for transversally joined T, and Tz 
a cubic spline as described in this section exists. 
In general using (3.9), (3.10), (3.22), (3.21), (I = (b/C) - 1 and C + 0 one must show 
that the only solutions of the determinant 
0 0 C-b C-bC 
c-c l+C C-l 
P(b,C)= Cz+l o 
c2+1 
2(C-1) C2+2C-3 
c2-1 3 2(C-1) C2+2C-3 
are those for which b > 0. Since P(b, C) = 0 defines a curve in the plane it is certainly the 
case that the cubic spline for arbitrary T, and T, usually exists. Also the main difficulty 
in finding this cubic spline is inverting the matrix appearing in P(b, C). 
The determinant D(b) has been calculated using ALTRAN (computation time: 
0.094 set) and found to be - (b - 1)(3b2 - 26 + 1). Similarly the determinant P(b, C) has 
been found (computation time: 0.144) to be - (3bC4 - 10bC3 + 18bC2 - 8bC 
+ 96 + 2C4 - 10C3 + 4C2 - 8C). The programming involved in these calculations was 
insignificant. 
4. INTERPOLATIVE CONDITIONS ON CUBIC SPLINES 
AT EXTERNAL NODES (n = 2) 
We assume that T, and T2 are the same as in Section 3, P(x, v) is a cubic spline on T, U T2 
and that u,’ = a,‘, u2* = a,‘, u4’ = ah2 and a,’ = q2 are given. Another way of fixing the 
variables a,‘, Use, u4’ and u,’ is to specify the cubic spline P(x, y) along T, fl T,. Thus we need 
only find u;, ui, q,‘, a;, ud and uf,, (i = 1,2) in order to determine P(x, y). First we specify 
values and partials at (1,O). Thus 
P(0, 1) = a” + u3’ + U6’ + ato = C’ 
g (0, 1) = a*’ + us’ + 4’ = c, 
dP 
dy (0, 1) = u3’ + 2u,’ + 3u;, = c3 
or eliminating fixed variables 
u3’ + u.6’ + u t, = c4 
u5’ + uy’ = c, 
u3’ + 2u,’ + 3u lo = c, 
wherec,,..., C, are known constants. 
We also specify the partial aP/ay at (I, 0). Thus 
apu, 0) ----= 
ay c-23’ + $1 + U8’ = c, 
with C, known. 
Next we specify values and first partials at (a, 6) 
uu?’ + ha,’ + u2a4’ + ubu,’ + b’a,’ + u3u,* + u2bu82 + ubzug2 -I- b3uf, = C, = P(u, 6) 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 
(4.7) 
(4.8) 
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al2 + 2aae2 + ba,’ + 3a2a,2 + 2aba,’ + b2ag2 = g (a, b) = C, 
a3= + aas + 2ba,’ + a2ag2 + 2ab42 + 3b2af, = g (a, b) = C,, 
ay 
(4.9) 
(4.10) 
or eliminating fixed variables one obtains 
aj’ + aaS’ + ba,’ + aZag’ + abag’ + b2af, = C,’ 
as’ + 2aa,’ + bag’ = Cl2 
ax’ + aa5’ + 2ba,’ + aZag’ + 2ba4’ + 3b2a$, = Cn. 
(4.11) 
(4.12) 
(4.13) 
The determinant of the coefficient of (4.4)-(4.7) and (4.1 lH4.13) is 
2b2(b2 - a2 + 2a - 1) 
(computation time: 1.002 set) which has a root only when b > 0. 
It is clear that the space of cubic splines determined here and in the last section has 
dimension 11 = 10 + (n - 1) in analogy with cubic splines on R. 
If we had chosen the condition a2P(1, 0)/a2y = C, instead of (4.7) a cubic spline would 
have been found except when a = 0. Thus nicely fitted triangles may be precisely the ones 
for which a cubic spline interpolation fails. Our choice of (4.7) is governed by the inter- 
polations determined in Section 6. 
5. CONTINUATIONS OF CUBIC SPLINES (n >2): SIDE INTERPOLATIONS 
Let (T, N) be a proper triangulation. Suppose that r. and T, + l have a side Li in common 
and that aside from T, and T, one imposes the condition T fl T,, , = 8 for 1 < i <j < n. 
Then we say that (T, N) is directed and consider such triangulations. If Q,, E N n Tl (resp. 
Qn E N fl T,) and Q. $ L, (resp. Q, $ L, _ ‘) Q0 is called a beginning (resp. end) node. Let & 
be a side of Tl not equal L,. Let Ki + 1 be a side of q+i with Ki+ I fl Ki = 8. If Qi~Ki and 
Qi $ Ti- ‘, Qj is called a continuous node. If exceptionally T, fl Tl =I= 8, K,, L, and T, fl T’ is 
a line segment, we say that the triangulation has completed a circuit. 
Then we call P(x, y) a cubic side spline interpolation of (T, N) if: 
(1) P restricted to K, when the triangulation has completed a circuit and restricted to 
K, and K,, otherwise are specified one variable cubits. 
(2) P at some point of each Li or T, fl Tl if T. fl Tl + 8 is specified. 
(3) a2P/axay is specified at the beginning node if a circuit is completed or beginning 
and end nodes otherwise. 
There are 10~ coefficients to be determined. Suppose that the triangulation has not 
completed a circuit. The condition P(x, y) E C’(a) provides 9(n - 1) conditions on these 
coefficients. (2) above implies (n - 1) conditions on the coefficients. Finally (1) and (3) 
above provide 8 and 2 equations respectively. Thus in total the requirement hat P(x, y) 
be a side spline interpolation provides the necessary 10n conditions on coefficients. For 
badly placed nodes however the cubic side spline interpolation may not exist. If the 
triangulation completes a circuit, P(x, y)gC2(SZ) implies 9(n - 1) + 4 conditions, (2) 
implies (n - 1) + 1 conditions, (1) implies 4 conditions and (3) implies 1 condition (in total 
10n). 
In the general case take a maximal directed subtriangulation for (T, N) and construct 
a side spline interpolation of it. We assume that U T, is not divided into separate pieces 
which one may treat separately. Extend from one of the sides of the maximal directed 
subtriangulation. One encounters 3 possible situations. 
(1) The cubic side spline interpolation is to be extended from T, to q where r. and 
T, have a side L in common and q has no common side with a triangle T, on which the 
cubic side spline interpolation has been defined. Then one imposes one condition at a point 
R on a side of q where R $ L. 
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Fig. 2. Fig. 3. 
(2) 7;. lies between q and Tk as in Fig. 2 where the side spline interpolate exists on T, 
and T, and is to be extended across q.. We treat this case in Section 7. We note however 
that P(x, y)~ C*(G) imposes 10 conditions on Pi@, y). 
(3) T, is embedded between r, Tk and T, as in Fig. 3 where one wants to extend the 
side spline interpolation to Tj. Such a situation is in general impossible. Such a situation 
can be avoided by inserting triangles as in case 2 above and not allowing holes to develop. 
If we fix only the initial side then at each stage we have left 4 conditions free. When 
the last element T, is added to complete our triangulation, one can arrange that the 
specifying of P on one side of Tq determines a cubic side spline interpolation. 
6. CONTINUATIONS OF CUBIC SPLINES (n >2): NODE INTERPOLATIONS 
We use the notation for triangulations introduced in Section 5. If (T, N) is directed but 
does not complete a circuit, we call P(x, y) a cubic node spline interpolation of (T, N) if: 
(1) The values and first partials of P at Q,, and Q, are specified. 
(2) Values for P(x, y) at n - 2 distinct points R2, . . . , R,_ , where Rie Li are given. 
(3) P(x, y) is specified on L,. 
(4) (dP/ay)(Q,) is given. 
P(x,y)~C~(l2) implies that only n + 9 coefficients need be determined. For these (2) 
provides n - 2; (1) provides 6; (3) provides 4; and (4) provides 1 condition(s). 
Let (T, N) complete a circuit. T, thus lies between T,,_, and T,, the situation in case 2 
of Section 5. Then P,(x, y) is uniquely determined by the cubic node spline interpolation on 
the other T,. In this situation conditions (l)-(4) above are kept but if Q. = Qn or Q, = Q,, 3 
conditions on coefficients are vacuous. Thus in total one has 2 conditions on coefficients to 
impose. For instance one can impose two values on (aP/ax)(Ri) and (aPlay) for some 
i. 
Continuing from a triangulation with 2 or 3 degrees of freedom available, one can 
increase the number of degrees of freedom by adding a triangle as in case 1 of Section 5 
without adding any new conditions. If one must insert a triangle as in case 2 of Section 5 
then any condition imposed will only lower the number ofdegrees of freedom. One would 
like to be able to maintain 3 degrees of freedom at each stage and be able to finally determine 
a cubic spline by specifying P, completely or the values of P and its first partials at a final 
node. This will be possible if when one completes a circuit if (1) above is limited to specifying 
values of P at Q. and for instance aP/ay is given at a point of L, different from Q,. 
7. CUBIC SPLINE INTERPOLATION ON INSERTED TRIANGLES 
We provide two examples to show how cubic spline interpolation should proceed on 
inserted triangles (case 2 of Section 5). 
Consider Fig. 4 where the cubic splinejs to be extended across the inserted triangle T4. 
Then from results in Section 2 one sees that P, and P, can differ in terms uT3 and a,’ together 
with ai and uiO. Let P4 be the same as P3 except hat u f,, = a I’,,. Then clearly we have extended 
our cubic spline interpolation to inserted triangles. 
Consider Fig. 5 where T, fl T, is contained in the line y = x, T, is to be inserted and the 
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Fig. 4. 
Fig. 5. 
cubic spline is to be extended across T,. Crossing T2 fl T3 as a change of coordinates proves 
the cubic P2 changes in 3rd degree terms to 
(cq2 + C)x3 + (as - 3C)x2y + (a92 + 3C)xy2 + (a:, - C)y3 
for some constant C. C(l, -3,3, - 1) will be called the change vector. Clearly since only 
coefficients of x3 and y3 change in crossing the y and x axes one cannot extend the 
triangulation as things stand. One must replace T, by T,’ U T,’ as depicted in Fig. 6 where 
T,’ fl Tz’ is part of y = x and the change vector across T,’ fl T2’ is - C(l, -3,3, - 1). 
The above procedure may work well in many cases but not all. 
In general to insert a triangle T, as in case 2 of Section 5 may not be possible but one 
Fig. 6. 
Fig. 7. 
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can replace T, by a triangulation of T, 
(see Fig. 7) such that the change vectors across Ti fl T/l, T,’ fl q2, q’ n 7;’ and q’ fl T, are 
linearly independent. Then the coefficients of the third degree terms of Pk (for simplicity 
the common meeting point of T, fl q’ and T;’ n Tk is taken to be the origin) are reached 
as a linear combination of change vectors met in crossing r. fl q’, T,’ n TJ, q’ fl q3 and 
q3 n Tk. 
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